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NOTE ON A PROBLEM OF S. GOLDSTEIN.

$1 Introduction.

S. Goldstein considers the following prdblem.')
To find a solution f(r,0) of the differential equation

z
1 o 2fF 1. 2 °f O <« r<« co
= s% (rsxs) + (1 + =) &5 =0 . (1)
roor or e pY? AR CRA,
O O
which satisfies the boundary conditions
2
of r
Wmm-————-—g—-_ " Odl”dl"
@:i@o iXb 1+ 0 (2)
I = 0O r:>ro

Goldsteint!'s method is as follows. The regions O<£r<;r0 and

r.<¢ r<ca are taken separately and series expansions are derived

0
which represent f(r.6) in those regions. A number of unknown coeffi-

cients are introduced for which relations can be found by equating
Chq - This method has a number of
disadvantages, the main being the slow convergence ¢of tThe iterative

both expansions on the arc r =

procedure by means of which the final solution is obtained.

In the present note alternative methods for obtaining the solution
are offered in the hope that they may lead to a successful treatment
of this problem and related problems with a smaller amount of nume-
rical labour,

The following method makes use of a Green function of a related
differential equation and reduces the problem to an integral equatilion
which can be solved by an lterative procedure. This method can be
summarlzed as follows.,

A transformation can be found such that the (r,0) reglon is
transformed into the upper halfplane v > 0 of the u,v plane. The
lines 0 = + 0 n are transformed into the positive and negatilive part

of Tthe line v = 0. Furthermore the transformation transforms (1)
into

= 2
0°f 2 £
—= + = = k(u,v)f (3
oy oV ( ) )

and the boundary conditions into
of
O 0 (4)

v
\al > W, ' = 0 .

V=0 lu) ¢ u



and v-svit,

Greenis theorem we have

ﬁfBG of

w—— > I;.S’- - ast
"Dk >V

muo

1s the required integral equation,

1t turns out that G can be represented by elementary functions

el k{u,v) is everywhere small exeept in the ' "
0 whlch corresponds to r small,

u

Redugtion to a Fredholm equation,

[ollowinz transformation

(9)

(10)

coundary conditions into

i
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expressed as a function of u2+v2a

ndary z2ondition (11) becomes
V2 YT

Ll

2V

{
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z = ()

essed in u by means of

, I .2,
/5 2 ﬂ vV i+r 41
¥ 1+r©-:

en function G(u,v,u',v') should be found satisfying

(18)
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function is

zjff me ﬁ o Q f
with G defined

Reduction Ssingular Inte.ral equation.

another method wilill be discussed.

Next

dl
onsider the system (1) and (2) and develop f(r,@) in =

Fourier series

ollowing relation 1is found
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The solution of The homogeneous equation 1is

R W
C,, = A Iw (wr) + B KLO (wr) . =2,

The Wronskian is

]
I Kt - It K = - =

The solution of the non-homogeneous equation can also be repremsunter
by means of (25) but now A and B are functions of r with

| dA
ar = T K, Wr)y
dB
a?— = - 1 Iw (CUP)V'
This gives ( " O 5
B 2(-1) 1+¢
Cn = - = G (I’_,e) f(e‘peo) > dﬁ’ 5 (26)
0
where
' w© I (wr) K (we) r L P .
GL..)(I‘-"E) = 2 (27}
w- I, (we) K fer) r> €
For w=e wWe have tThe asymptotic expression
G (7)o et expf- twain EEVIEE \ :
2 (14+r7) (1+07) C(1+Y1+r)

FOor w -m0 Obviously G .— 0 exceptl 11 r = Q.
We have always

( 1+e2 ( )
1im g (r, d = 29
timo g Lrsp) 5 e ,
0
since for r o O
2
> \/’H—r
r (I’,, "7)*__‘*-",,.5-.‘ *'----—-'-(:-——7—'-—3:- exp - \ "'"rl ° (BO)
o 2(1+rd)2 8 \
It 1s known that the series
R 2(~1)n . N G '
/i 90 @0

~1s absolutely convergent and therefore can be differentiated. It is
obtained

ML

_ i y o f \
7_1_ { ni e  + 2(-—-’1)n f(r, 00)25 COS EéZ- e m@oﬁw —- f(m@a). (%2,

In this equation for B - f9m the remaining boundary condition can
ibe introduced



ding the function f(r, )
1s of a rather special kind.

successive approxi-
ation of the series in (34%).

behaviour of (34) we take

L T T o o 5 N s g
This equatlion milg
i e

Cor(tru) + L f(t-u) - o(e)) du =2ar(e) - g(t)

3

Ihis can be written in the form of a singular integral equation;

--------

(36

The equation (35) can be solved by means of a Laplace trans-
formation. The integral in (35) is of the convolution type, and if

4 (8) and V¥ re the transformsof f(t) and g(t) respectively we

or

efore

(37)



If we consider the simple case
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the back transform

2-%%- ' UH%YQ o= (nH3)° tx 0
f(t)w ) 0 (58)
L% ;g,._ (n—}—irg)wg o (nH3) T t £0
. e”t/e
( 22-m£?- j L oan 122 ay £ 0
f(t):z Jt/2 o (29)
N I SR =l t 20
“ 0

L Generalisations.

According\to the theory of a screw propellor the veloeclity po-
tential satisfies The potential equation

2 D
1 0 _ 1T P D P
= 7 (TPSENY — —5 + 25 =0 (40)
ool A N Y D7 )

o k )

where g(r) 1s a function of the ™adius wHich might be of the follo-
wing type | |

.. (42)

I AN I QP

The questlon arises whethex it is possNle to find a solution

of (40) which is dependent oyf the two variabMs r and s only such
that also the surface condftion

24; £sp - “‘-b"z Sll-;ﬁ = S cosp N\ (43)
Wilth
r tg/ = g(r)
1ls satisfied.
This means N\
, z \
CP(I‘EZBG) = qg (1’59-- m)

The answer 1s confirmative and without difficulty, we find



and for s ¥ O

>
o _ _¢c _gr . N (6
Q8 e g‘3+r2 - -

It is also posklble to reduce (45) to the form (3).
If we write \(45) in the form

> Y

r\ or (r ""5%") + B -?—-—q;- = 0 , (47
- r oS
Chen the following transformation will be performed¢ 
_ . dr /
e D\ [ n 4z
78 (48)
1
z = h®§ (I",S).
In view of
2f _ h of /
2r r 0X y
ana ,7
23%: h2 'éig +,:Ej ¢ T
or —]::2- \\bx _ o X
we find 5 .
2°¢ ¥ . d Mh ¢ _\. g
. E 2 1 X ? ¥
o X dy ,
and next 5 5
a i D Z _é, ___Z_!.é_ “% --é— O
. C { n (h )XX + hx(h )X)}:‘ 3
0 X ¢y
. Az o= S (hi (5
= 1 -5 H”) AR =
oYr .
A se ar (TP dr X\ ¢ - (51)
A boundary (“‘6) of" the form
1s obvidusly transformed into
B 0 1 _
y =0 2 =~ p? 1(r) . (53)



